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MODEL PREDICTIVE CONTROL (MPC)

* MPC simulation: carried out offline with the goal of following a reference trajectory

Xllrfé’f v" Prediction Horizon: #=5 v" Initial condition: x/0 =[1,0]
v' Time step: 7is=05s v Scale factor: z=0.1
r=xillref oL u w=arg min Jxw)=Yi=0TN-18|\xi1Tref (k+ H)~xil (k+i)|j+ajiu(k+ D))
Optimization ————» u
q
Model j rl1=xi2
_ 22 =1-x21172 )xi2 ~xi1 ~u

= Synthetic data: ¥ Training: sierain=6000 v Test: sitest=2000



Simulation of MPC with a Neural Network

= Simulation of an MPC controller to quickly compute the command from data obtained
offline (Chen et al. 2018).

> Method: use a neural network to mimic the behavior of an MPC controller.
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= Supervised learning:

» Data: obtained from an MPC simulation.



Example: Control of Van der Pol Oscillator

= Van der Pol oscillator: models the oscillations of triodes in electrical circuits.

o Model: vl =xi2
242 =(1=xd1 12 )xd2 —xd1 —u

where x/1 is the position, x/177ef the reference, x/2 the speed and % the command.

- Constraints : #€/—1, 1]/ and xi1, xi2 €[—3, 3] (Antonelo et al. 2022).

" Goal: make the system converge towards a reference trajectory X1 Tref.
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» Data: obtained from an MPC simulation.



Comparison between MPC and NN

MPC vs Neural Network (supervised): closed-loop simulation using a reference trajectory.
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Mean squared error:
v Neural Network = 0.067
v MPC = 0.066

Computational cost:
v Neural Network = 0.17 ms
v MPC =234 ms



Neural Network with 1 hidden layer

Input Layer Hidden Layer Output Layer

input X4
weight

B > output f(w,...w,, a;,a,, X1, X,)

gender

. height
input X,

W input weights a output weights

f(wy,..,W,, a3,a,, X,X,) = o(wX; + W,X,) xa; + o(wgx; + wyX,) x a,

Compact

compact flw,a,X) = 25, o(WTX)xa,  with Wy=(wy, w,)T, W, = (s, w,)T



Neural Network (2)

We consider NN with 1 hidden layer:

output: flw,x)=1/Vvm 2 _,  a, o(wx)
where:
* X inRC input data
* w=(w; ., W, )T with W, in R input weights
* a=(a;, .., a,)0 with @, inR output weights
° 0(') nonlinear activation function (e.g.: o(z)=max(z,0) for RelU)

Besides output weight a assumed fixed (a=unif{+1})



Training error minimization

Problem:

Given the training data set S5 =1{0¢y) s n

minimize the quadratic loss:

Lw) = % 2, , (flw,x)-y)? = % 2. |v,|]2 = % |v|?

with V.

(Vg ooy V)T training error vector
and Vv

= f(w, x) -y, i=1,..,n.



GRADIENT DESCENT

Apply GD on w. In continuous time withr =1, ..., m:

dw(t) cLg(wW)

dt CW -
- (‘\.f(wa xi)
= — Z U; - .
i=1 CWr
For example for RelLU:
dw,(t ar ©
r(?) = ——= leiH{WIxi = 0}
dt \V 11 i1

with T indicator event w | x; = 0 happens.
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GRADIENT DESCENT (2)

dt — W,
n T
1 ; Wr
= — Z v;——a,0’ (x; w,) i
= Vm CW
a, ,
= —— Z vio' (X; Wy )X
vim 1=1
It follows: d 1 &
— |W, t 5 — U; t <
201 < 7 L 1w s voAm Ivie)

because: |a,|=1, 0o'(z)<1, [X]|=1 (normalized input data) )



Training error dynamics
Consider v(t) =(vy, ..., v,)T with v.=f(w,x)-y,

The continuous dynamics of v(t) is given by:

d
av(t) = —H[w(t)]v(t), v(0)=vo

with for i,j in {1,...,n}:

m

H ;= Z{:(’f(_ﬂlw,xi,)’ Cf(w,x;)

CWr  (OWy,

r=1

and W= (wq, .., W)
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Proof. For ic |n|:
d .
v; E(f(w Xi) — ¥i)
JOflw,x;) dw
: (W T dt
V‘. ‘ flw, x,) dwr

L‘ ( '
- W, dt

L
dt

3 fwx) OLs(w),
;_/:‘1” Wy (W,

,rf(WX.)\—w W, x;),
rf——‘l.- (W, ';j‘lJ (W,

\’ vf‘f(wr,xl) ff(wxj)

/ / \ / i
j_—‘l :l ( W,. ( W,-

Hence: p -
Ev.- /V‘ H,"J'Uj.
J=1



Training error dynamics (2)

Hiw] symmetric Gram time-varying matrix called:

Neural Tangent Kernel (NTK) or Input Data Covariance matrix

For ReLU: H[w] nxn matrix with (i, j)-th entry:

1 m
H;; = ngxj Z I{x, w, =0, x]TW,. = 0}.
' r=1

where X; and X; are i-th and j-th elements of input data set S



Convergence of |v(t)] (case A,>0)

o * U,(t), ..., U(t) eigenvectors of the NTK Hlw(t)] attimet,
e

* A(t), ..., A (t) eigenvalues (theyareall>0),

* A lowerbound of A(t) fort>=0  (i=1, .., n):

A=A > 2A 20

n

Particular case (holding if m >>n, i.e. overparameterized NN): A >O0.

Then [Jagot et al. 2019] - [v(t)] < |vgl exp(-A,t).

|v(t)| converges linearly to 0 as t 2> o0, whatever initial weight w(0)

—> All the valleys of the loss landscape of overparameterized NNs are connected
(all the local minima are « global »)



Proof

Ya(d|v]?/dt) = vi(dv/dt) = -v'(Hv) < -A |v]|?
dlv|?/ |v]? < -2\ dt

v]? < |vgl? exp( - 2A,t)

vl < |vy| exp(-A,t) |



https://www.cs.umd.edu/~tomg/projects/landscapes/

=> All the valleys of the loss landscape of overparameterized NNs are connected
(all the local minima are « global ») 17



Convergence of |v(t)]| (case A, = 0)

Let
* Agbethe last >0 eigenvalue (i.e.: Ay =..=A,=0)

* u,(t) projection of V(t) on k-th eigenvector U,(t) of eigenvalue A,(t)

Theorem 1 (upper boundon |v]) [Martin-Chamoin-F 2023]
V()2 = 2k U+ Zicer o TU(D)]2

< zkl K M (t) + z k=K+1,.. h U 0)]2 = u(t)
where

B (t) == o2 + B2 exp(- A, t)

with akz + Bkz = |uk(0) |2 for k=1, .., K
Besides:
. lu,(t)] 2 < () for k=1, .., K
. | u,(t) |12 < | u,(0) |2 for k=K+1, .., n
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Fig. 1. Evolution of the empirical error vector ||v(t)|| (blue) in comparison
to the upper bound p(¢)1/2 (red) derived in Theorem 1.

v(0)| =6.35, |v(eo)| =2, a2 =1
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Empirical Loss, Population Loss, Generalization Loss

* Empirical Loss tg over sample data set S={(x; y;)}i-1 _,

to(fw) =1/n 2 (fu(x)-y)?> = v?/n < |
- Population Loss t,, over data distribution D
th(fw) = Euypp (fwlX) - y)?
+ Generalization Loss t,, forS and D
toen(fw) =15 (f) - £ (f)
- enhancement of standard GD (Ockham’s razor):

synthesize the smallest possible W (“‘regularization’)



Generalization Loss

Enhancement of Gradient Descent (Ockham’s razor):

find strategy of GD which synthesizes smallest possible W (“‘regularization’)

We know via Rademacher complexity theory that for 1-hidden layer:

t < 4(Vm/Vn) x max

gen W, I

r=1,..,m|

t, <t + i [with high probability]
Hence (using Theorem 1):

t, < 4(Vm/Vn) x max,_, . lw]| + p/n

Let us now find an upper bound on |w.,|.



v \—ﬁ\ D k()2

ool < 2| S Y 0
Iz @l < Y\ Elmc( )-kZ [ux(0)].

=K+1
Hence (assuming |w"(0)| =~ 0)

" (8)] —f Z#k(s) S Jug(0)ds

k=K+1

t K n
J \Z 2o B0t 3 Jur(0)]ds

k=K+1

allal

Vn [

— \.-""A + Be—2*sds
vm

with A = Y0 | of + 3}

Zik=K+1 |ur(0)|? and B = 37}, 5&-
By integration we have (15), ie.:

Jwp(t)] < Y=(t)
\ m
with

. 2 2 = -1 .‘A 1y ¥y,
<I>(t)=F(\"Asmh (\ Ee*’f t

— A+ Be- M) &
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Theorem 2 (upper bound on |w,(t)]):  lw-(t)] < 2 with
[Martin-Chamoin-F 2023] 5 T
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Fig. 2.  Evolution of the empirical weight norm ||Wemyp|| (blue) in
comparison to the upper bound ||Wy;, || (red).



Early Stopping: stop GD at t=t* when ¢, =¢;+£,, minimal

Error

n K
> |w(0)?, B= ) 8,
k=K+1 k=1

K
t*=1/A IN[B/(A+(4n/\)?) ] with A=) af -
k=1

26




Recapitulation

* GD minimizes training error using training set S
» Useful to minimize also w(t) to reduce generalization error (tradeoff bias-variance)

« > earlystopping strategy

Contribution

1. Viatheory of NTK, computation of analytic upperbound on the training error
2. Via Rademacher’s complexity, analytic upperbound onthe generalization error

3. = analytic estimation of optimal time for stopping GD.

Moral of the story: SYNthesize the Least COmplex Possible Parameters

SYNCOP = SYNLCOPP
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