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The Gamble with ,   ,   N = 4 p = 1/3 q = 1/2
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tails ≔ false ;

while (x<N ∧ !tails) -> 

    if (p≤q² ∨ (q²<p<q ∧ N-x is odd))

    ->   {x ≔ x+1} [q] {tails ≔ true}

    [] (q≤p ∨ p=q² ∨ (q²<p<q ∧ N-x≥2))

    ->   {x ≔ x+2} [p] {tails ≔ true}

    end

end


Optimal Solution

• Goal: find these predicates

• Transformed program 
           = parametric strategy in , , N p q

• Strategies are permissive

• Semi-automatic approach

➡ loops need @invariant annotations

// [x ≥ N ∧ ¬tails]// [x ≥ N ∧ ¬tails]
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if (y ≤ z) -> {x ≔ 1}

[] (y ≥ z) —> {x ≔ 2}

end


// y ≥ z = wp[[C]] (x = 2)

// x = 2

postcondition

initial state
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{x ≔ 4x} [.5] {x ≔ 0}

// 2x = wp[[C]] (x)

// x

expected value of x 
after termination

postexpectation 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end ;

{x ≔ 4x} [.5] {x ≔ 0}


// [y ≥ z] ⋅ 2 + [y < z] ⋅ 0

// x

greatest possible expected 
value of x after termination
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2y ≥ 2z
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same as before!
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tldr;

for loop-free program  we can automatically 
construct the “strategy program” 

C
trans(C, f )
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What about loops?
tails ≔ false ;

while (x<N ∧ !tails) -> 

    if (true)

    ->   {x ≔ x+1} [q] {tails ≔ true}

    [] (true) 

    ->   {x ≔ x+2} [p] {tails ≔ true}

    end

end




      termination

  while  ->  end  

{φ ∧ I} C {I} ∧
{I} φ C {φ ∧ I}
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(classic total correctness)

      termination

while  ->  end

φ ∧ I ⟹ wp[[C]]( I ) ∧
I ⟹ wp[[ φ C ]](φ ∧ I)

rewrite in terms of wp

      side conditions

while  ->  end

[φ] ⋅ I ≤ wp[[C]]( I ) ∧
I ≤ wp[[ φ C ]]([φ] ⋅ I )

boolean → probabilistic

(lower bound on ) [McIver & Morgan ‘05]               wp

Probabilistic Loop Invariants
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x ≔ 


 ; 


{ } [ ] { }


if  ->  
[]  ->  
end


while  ->  @  end

C

Expr

C1 C2

C1 p C2

φ1 C1
φ2 C2

φ C′￼ I
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 ; 
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if  ->  
[]  ->  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while  ->  end φ trans(C′￼, I )
    & generate VCs:        
                   
                side conditions

[φ] ⋅ I ≤ wp[[C′￼]]( I )
∧ [φ] ⋅ I ≤ f
∧
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Soundness of Transformation with Loops
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Let while  ->  @  end.C = φ C′￼ I

If all VCs generated during construction of  are satisfied, thentrans(C, f )

 determinizations  of                      .∀ C̃ trans(C, f ) ⟹ wp[[C̃ ]]( f ) ≥ I
Resolving the remaining nondeterminism in  arbitrarily   …    yields at least the expected value “promised” by the invariant.trans(C, f )

Main Result
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Backup: Invariant for Running Example

while c < N && a = false -> 

    if true ->

        { c := c+1 } [q] { c := true }

    [] true ->

        { c := c+2 } [p] { c := true }

    endif

endwhile

20


