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Optimal Solution

tails = false ;
while (x<N A !tails) —>

if (true)

—>  {x = x+1} [0] {tails = true}
[1 (true)

->  {x = x+2} [p] {tails = true}
end

end
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A Gamble with Two Coins

Optimal Solution

e (Goal: find these predicates
tails = false ;
* [ransformed program while (x<N A !tails) —>
if (p=o?2 v (02<p<g A N=x is odd))
—> {x = x+1} [a] {tails = true}

| o [1 (c=p v p=02 v (g2<p< A N-x=2))
o Strategies are permissive ->  {x = x+2} [p] {tails = true}

end
* Semi-automatic approach end

= parametric strategy in IV, p,

= |00pS need @invariant annotations
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Weakest Pre-expectations
For Probabilistic Programs with Nondeterminism [Mclver & Morgan ‘05]

greatest possible expected
value of X after termination

wplLCT (/) e
; - if (y = z) —> {x = 0}
[5]3 C T] ........ o [1 (y = z) = {x = 1}
P end ;
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end ;
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From wp Computation to Strategies Q

W

same as before!

[y > 7] [y < 7]
if (y= z) >{/2yx=y ¥
[1 (v = z) = A{ /272 x = Z ¥
end ;
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Strategy Synthesis as a Program Transform

postexpectation
(=~ objective function)

C trans(C, 1)
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Strategy Synthesis as a Program Transform

postexpectation
(=~ objective functior’

tiar;

C trans(C, 1)

for loop-free program C we can automatically
X = Expr X = Expr construct the “strategy program” trans(C, |)
C, ; G tmns(Cl,wp[[Cz]]( )) ; trans(C,, |)
{Cl} Lp] {Cz} {tmnS(Cl, )+ [p] {tmns(Cz, )}
if @ —> C if @ A (0, = wpllC1I(f) = wpllCII(f)) —> trans(Cy, f)
[l ¢, > G [1 @y A (¢ = wpllC L) < wpllGI(f)) —> trans(C,, /)

end end
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f C is loop-free, then

V determinizations C of trans(C, 1) - wp[CT(/) = wp[CIL(/) .
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What about loops?

tails = false ;

while (x<N A 'tails) —->
if (true)
> {x = x+1} [0] {tails
[1 (true)
->  {x = x+2} [p] {tails
end

end

true}

truel
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Probabilistic Loop Invariants

lonIl} C {I} A termination
(1} while ¢ —> C end {@Al)

o Nl = wp|CIJ(]) A termination

(classic total correctness)

I = wpllwhile ¢ —> C end| (@A)

(0] -1 < wp[[CI(I) A  side conditions
I < wp[[while o —> C endﬂ([@]-l)

(lower bound on Wp) [Mclver & Morgan ‘05]
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C trans(C, )

externally provided
INnvariant annotation

while ¢ —> C’ @/ enca while ¢ —> trans(C’, 1) end

& generate V/Cs: (0] -1 < wp[[C'I(])
A lpl-1 <
A Side conditions



Soundness of Transformation with Loops

Main Result

let C =while ¢ —> C’' @/ end.
f all VCs generated during construction of trans(C, | ) are satisfied, then

V determinizations C of trans(C, 1) —> wp[CT() > 1 .



17

Soundness of Transformation with Loops

Main Result

let C =while ¢ —> C’' @/ end.

f all VCs generated during construction of trans(C, | ) are satisfied, then

V determinizations C of trans(C, 1)

Resolving the remaining nondeterminism in trans(C, ) arbitrarily ...

—> wpllCT(/) > 1 .

vields at least the expected value “promised” by the invariant.
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tails = false;

while (x<N A !'tails) —>
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end

end
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end

end
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Summary

M Programmatic strategies for optimizing

expected values after termination |
tails = false;

while (x<N A !'tails) —>
if (p=g2 v (02<p<g A N-x 1is odd))

| —>  {x = x+1} [g] {tails = true}
M Loopy programs: strategy synthesis [1 (c=p v p=12 v (12<p<i A N-x=2))

reduces to Invariant synthesis x+2} [p] {tails = true}

™ Loop-free programs: fully mechanizable

—> {x
end

™ In paper: connection to MDP theory, end
Mminimization, upper bounds
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Future Work

tails = false;
while (x<N A !tails) —->
if (p=0? v (g2<p<

—>  {x = x+1} [0l
[1 (o=sp v p=02 v (
>  {x = x+2} [p]
end

end
'|[x >N A —tails]

A N-x is odd))
{tails = true}
2<p< A N-x=2))
{tails = true}
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Future Work

[J Generalization to stochastic games

J Automatic invariant synthesis

[ Most permissive strategies?

Link to full paper *

Thank you!

tails = false;

while (x<N A !'tails) ->
if (p=g2 v (02<p<g A N-x 1is odd))
->  {x = x+1} [0] {tails = true}
[1 (0=p v p=02 v (02<p<g A N=-x=2))
->  {x = x+2} [p] {tails = true}
end

end

tobias.winkler@cs.rwth-aachen.de
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Backup: Invariant for Running Example

while ¢ < N && a = false —>
1T true —>

{ c:=c+l } [g] { c := true }
[1 true —>
{ c:i=c+2 } [p] { c 1= true }
endif
endwhile

IGamb = [a — O] . (1 —_ ([P < q] . q[(N‘C)/Z] + [q < p2] .pN—c

+ [pz < q <p] .p[N—c>O][N—c is odd] qL(N—C)/ZJ)) + [a — 1]

20



